
VOL. 7, NO. 12, DECEMBER 1969 AIAA JOURNAL 2233

Optimal Lift Control of a Hypersonic Lifting
Body during Atmospheric Entry

YUN-YUAN SHI,* L. POTTSEPP,f AND M. C. ECKSTEIN$
McDonnell Douglas Astronautics Company, Western Division, Santa Monica, Calif.

The problem of optimal lift control of a hypersonic lifting body during planetary entry was
considered. Variation of atmospheric density was assumed to be exponential. The case
treated is a generalization of an earlier investigation in which a constant atmospheric density
model was used. It was shown that the optimal path consists of two kinds of subarcs, i.e.,
extremal lift subarcs and singular subarcs. Analytic solutions for state variables and the
Lagrange multipliers were obtained in closed form for both subarcs. It was concluded that
the lift on the singular subarc is always dominated by the term due to the variation of the
atmospheric density. Furthermore, boundedness of the control renders the singular sub-
arc inadmissible above a certain altitude that depends on the value of the initial re-entry
angle and the initial altitude. The usual questions concerning the number of subarcs, their
sequence, and the location of switching points were fully answered for two examples and
partially answered for a third example considered here.

Nomencl ature
B = mg/CDS
CD = drag coefficient
CL = CL(<X) = lift coefficient
D = drag = mKDVze~Ph

g = gravitational acceleration at h = 0
h = altitude
H = Hamiltonian
KD = ipo$Cz>/m
KL = %pQSCL/m
KLM = maximum (KL)
L = lift = mKLV*e-Ph

m = mass of the re-entry vehicle
R = mean earth radius
S = effective cross section of vehicle
5 = R<r = range
V = velocity
a = control variable or angle of attack
j8 = 900/# for the earth
T = flight-path angle is measured counterclockwise

from the local horizon
Afi,\F,X7?X s = Lagrange multipliers
P = po exp( — ph) = atmospheric density
Po = atmospheric density at h = 0
tr = angle between reference axis and vehicle
Subscripts
/ = terminal conditions
i = initial conditions or conditions at the beginning of

each subarc

I. Introduction

ANALYTIC solutions of lifting re-entry into a planetary
atmosphere have been discussed extensively in Refs.

1-4. Most of these solutions were derived either under the
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assumption of constant lift-to-drag ratio or both constant
lift and constant drag coefficients.

Owing to the difficulty of obtaining analytic solutions to
problems of optimal lift control of gliding vehicles, most of
the available solutions for optimal lift control during re-
entry are numerical. A class of approximate analytic solu-
tions was considered by Miele5'6 who treated optimization of
the lift program of a gliding vehicle under the assumption
of a shallow, smooth glide path. Recently, Pottsepp and
Shi7 showed that an additional subclass of optimum tra-
jectory problems for hypersonic gliding vehicles may be
solved analytically under the assumption of constant density,
gravity, and drag coefficient.

Analytic solutions of simplified optimal re-entry problems
are important from the point of view of serving as a basis for
investigation of more complicated cases, as well as providing
a general understanding of optimal use of lift controls. An-
alytic solutions also provide a better foundation for the solution
of guidance problems as typical guidance laws are based on
such relatively restrictive assumptions as either constant
drag, constant altitude or equilibrium glides as discussed in
Refs. 8 and 9.

In this paper, the optimal lift control of a re-entry vehicle
is investigated analytically by retaining the concept of a
constant drag coefficient used in an earlier investigation
(Ref. 7), but relaxing the assumption of constant density.
This also corresponds to retaining all the assumptions made in
studying atmospheric entry problems in Refs. 1, 2, 3, and 4,
except that the assumption of constant lift coefficient is re-
laxed to allow the lift to be used as a control. The maxi-
mum value of the lift-to-drag ratio is assumed to be 0.5 or
greater as recently discussed by Tannas (Refs. 8 and 9). The
present solution is believed to provide some general ideas on
optimal lift control applications and will serve as a first step
in solving the more realistic case of variable drag coefficient
which is to be reported in a later publication.

II. Governing Equations

The governing equations (cf. Ref. 10) for a gliding re-
entry vehicle can be written in the form

V = -D/m - g[E'i/(R + /i)2] sin? (1)

V(y - 00 = L/m - g[R2/(R + /O2] COST (2)
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h = V sin7

cr = V cosy/(R + h)

(3)

(4)

If h/R <<C 1 and s = Ra are introduced, the governing equa-
tions can be simplified to those of Refs. 3 and 4;

V = —D/m — g smy (5)

7 = L/mV - (g - V*/R) cos7/F (6)
h = V sin7 (7)

s = V cosy (8)

As discussed in Refs. 1 and 3, the isothermal atmosphere
has long been adopted as a first approximation for studies of
planetary entry. Hence

dp/dh = —ft

where ft is a constant and

(3R = 900

(9)

(10)

for the earth and R is the mean radius of the earth.
In several publications (cf. Refs. 1-4) on the subject of

re-entry, the assumption

D/m y> g smy (H)

was adopted.
In general, this assumption does mt hold in the upper

section of a trajectory starting at a high altitude. In order
to include the higher altitude portion of a trajectory, the
problem may be separated into two regions:

I.

II.
D/m ?> g siny
D/m «C g sin 7

(12)

(13)
However, typically, previous investigators adopted the condi-
tion (12) for the entire trajectory and neglected the gravi-
tational force in the velocity equation. The justifications
for such an assumption have been given previously by Alien
and Eggers,1 and Citron and Meir4 and were illustrated by
numerical examples. The validity of the assumption lies
in the fact that in the upper portion of the re-entry trajectory,
the velocity is high and is not affected significantly by either
the drag or the gravity, both of which are of higher order.
In the lower portion, however, the drag is dominant and the
gravity is of higher order.

With the preceding assumptions, the variational Hamil-
tonian H for the system of equations of state variables and
Lagrange multipliers (i.e., Xy, XT, X/>, and As) can be written
as follows:

rrH ^ D JL ^ \~ L ( ^2\— Xy — + AT —7; — I g — —^- }m \_rnV \ R / f7~V J

+ \SV cos7 (14)

The optimality condition requires

d#/da = \7/mV
with

L = mKLV*e-f>h

= 0 (15)

(16)

where p0 and S are constants. For typical hypersonic ve-
hicles, the function CL(O) is periodic with the period 2?r, pos-
sesses a single maximum and minimum, and has no horizontal
inflection points in the interval — 7r/2 < a < ir/2 (Ref. 7).
Since the problem is linear in CL(<X) and nonlinear in the
state variables, the existence of singular subarcs may be
expected.

or

Equation (15) can be satisfied by either

XT = 0 and Lmin < L < Lma3

XT ^ 0 and L = Lmax or Lmin

(17)

(18)
For a given vehicle, the upper bound of the control is given as

CL(a) = or Lmax = (19)

For the purpose of simplifying the subsequent discussions,
we assume that the lower bound

Thus, the solutions in the present problem consist of two
kinds of subarcs; the singular subarc, as defined by Eq. (17),
and the nonsingular subarcs (i.e., maximum lift subarc and
minimum lift subarc), defined by Eq. (18).

In the interest of simplifying the discussion, the following
analysis is restricted to the case where

#==0 (21)
The problems of achieving maximum terminal velocity
(i.e., minimum energy loss due to aerodynamic drag) and
maximum final range fall into this category. Fortunately,
analytic solutions for these cases can be obtained in closed
form for both the state variables and the multipliers.

III. Solutions on the Singular Subarc

Observing Eqs. (14) and (17), the Euler-Lagrange equa-
tions can be written as follows:

Xy = \v2D/mV - \h smy - Xs cos7 (22)

X7 = - \hV cosy + XS7 sm.7 = 0 (23)

\h = -\y /3D/m (24)

Xs = 0 (25)
1 Differentiating Eq. (23),

XT = — \h cosy + (\h sin 7 + \s 0037)7 = 0 (26)

Hence, the lift control on the singular subarc can be calcu-
lated from Eqs. (14, 21, 23, 25, and 26) as

j = -pV cosy (27)

or

Ls = - cos7(l + g//3V* - 1/&R) (28)

It can be easily shown that the first term in Eq. (28) is
always dominant. If the terminal velocity is above 2000
fps, g//3V* < 0.018, considering the earth's gravity and
atmosphere. Another distinct feature of the singular sub-
arc is that the absolute value of the lift needed for optimal
control is greater than the maximum lift Lmax available
above a certain altitude which depends on the initial flight-
path angle 7* and the initial altitude hi. Thus, the low
density of the air at high altitude precludes the use of the
singular subarc because it is impossible to obtain the required
lift except on an almost vertical singular subarc. Switch
to the singular subarc is possible only if

cosT(l (29)

The point where the equal sign applies will be called the
critical point (CP). The condition (29) must be satisfied
on the entire singular subarc. For this reason, most opti-
mum re-entry paths will start with a nonsingular subarc
(i.e., maximum or minimum lift subarc). A detailed dis-
cussion on the bounded control was also given in Ref. 11 by
Leitmann.
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With the lift given by Eq. (28) and the assumption adopted
in Eq. (12), Eqs. (5) and (6) become

and
V = -D/m

7 = — PV COS7

(30)

(31)
respectively.

We can now proceed to obtain solutions for the state vari-
ables. From Eqs. (8) and (31),

dy/ds = — p

7 - Ji = — P(s -

(32)

(33)

where the subscript i denotes the initial conditions at the
beginning of each subarc. The preceding solution shows
that the flight-path angle 7 decreases as s increases.

Equations (7, 8, and 33) give

and

or

and

dh/ds = tan [7; —

dh/dy = - (1/P) tan7

h - hi = ̂
cos 7;

7 1 |cos 7J- hi = — In/5 |cos 7ij

Similarly, Eqs. (7, 9, and 31) provide

p = pi|cos7i|/|cos7|

(34a)

(34b)

(35a)

(35b)

(36)

The velocity can be determined by directly integrating
Eq.(30);

, VIn — = fi x(tan7 — tan7*) , x(37)

It may be seen from Eq. (35) that for a given initial point
(Sijhi), the shape of the singular arc depends only on the
initial value of the flight-path angle 7;. Hence, it represents
a family of geometric curves with a parameter 7* as shown in
Fig. 1 for hi = 130,000 ft and s< = 100,000 ft. It is also
pointed out that some of these solutions become undefined
with respect to 7 at 7* = — ?r/2. In this limiting case, 7 is
not a suitable independent variable. However, V and h
remain suitable variables and their relation can be obtained
from Eqs. (7) and (30) as follows:

Equation (38) can also be obtained by eliminating 7 from
Eqs. (36) and (37) as 7 becomes — ?r/2. The corresponding
Euler-Lagrange equations for this problem can be written as

AF = XF —77mV

= - \hV cos7 + \SV sin7 - 0

\h = ~ AF

Xs = 0

(39)

(40)
(41)

(42)

The solutions are given below without a detailed derivation.

Xs - \si = const (43)

(44a)

75 100 125 150 175
RANGE (FT x 10"

Fig. 1 Family of singular subarcs.

or, if 7; - -7T/2,

and

InF + const

= const = c0

(44b)

(45)

This completes the solution on the singular arc for the state
variables and Lagrange multipliers.

IV. Solutions on the Nonsingular Subarcs

There are two kinds of nonsingular subarcs, i.e., maximum
lift subarcs and minimum lift subarcs. If the assumption of
max|L/Z)| > 0.5 is adopted according to Tannas,8-9

- V2/R) cos7 « Lmax/m (46)

on nonsingular subarcs.
Using the aforementioned assumption, the governing-

equations for the state variables become

V = -D/m

7 = K*LMVe-f>h

h = V siny

s = V cosy

(47)

(48)

(49)

(50)

where K*LM = KLM for maximum lift arcs and K*LM =
—KLM for minimum lift arcs. Then Eqs. (47) and (48) give

(51)V = Viexp{-KD/K*LM(v - j i ) }

or

7 - 7< = -(K*LM/KD) \n(V/Vi)

Similarly, Eqs. (48) and (49) give

dy/dh = K*LMe-Ph/smy

then

cos7 = (K*.

where

(52)

(53)

(54a)

(54b)
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Fig. 2 Minimum
lift subarc solu-
tions and numerical

solutions.

U0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

VELOCITY RATIO (V/v/gR)

Finally, Eqs. (48, 50, and 54a) are used to obtain

dy/ds = [/3(cos7 + <7T)/eos7]

or

- Si) = 7 - Ji - Cy
dy

'; Cy + COS7

(55)

(56)

The integral in Eq. (56) can be evaluated in closed form as
follows:

dy
Cy + cos7 (Cy* - 1)1/2

_1 (C7 - 1) tan(T/2)
(CT

2 - I) 1/2

if Cy > 1

= tan(7/2) if Cy = 1

= _ l
c x

(1 - Cy) tan(T/2) + (1 - C7
2)1/2

tan(7/2) - (1 - C

It can be shown that these solutions reduce to the constant
density solutions of Ref . 7 if -ft -* 0 or Cy -** » .

The governing equations for the Euler-Lagrange multi-
pliers on the nonsingular arc become

(58)

(59)

(60)

(61)

Ay = \vD/(mV)
\T = - \hV COST + ^s

X* = -£F[X* sinT + Xs COST]

Xs - 0

The equation for Av is the same as that for the singular arc.
Thus,

\v = (Vi/V)\vi (62)
Xs = \si = const (63)

Equations (48) and (54) give

7 = ±Lmax/w7 = K*LafVe-Ph

(64)
- /3V(Cy + cosy)

The use of Eqs. (60) and (64) yields
j\ i

[XAsi i ry + Asicos7} (65)dy Cy + COST

or

, . frt , s7-\H = A(Cy + COST) - - 7 +

\Si(Cy + COST)f cos7) C
- 1 J ( COS7

(66)

where A is an integration constant and the last integral is
given in closed form in Eq. (57). Similarly, Eqs. (59) and
(64) provide

(67)dy /3 (Cy + cos7)

Substituting Eqs. (66) into (67),

A . \SCy m

(Cy + COS7)

As

cos7) —

dy
- 1) J (Cy + cosT)

+ E (68)

where E is also an integration constant and the integral is
given by Eq. (57). Thus, the Euler-Lagrange multipliers,.
as well as the state variables, have been obtained in closed
form.

The validity of the assumption given in Eq. (46) was
tested with the exact numerical solution for some typical
cases. The results are given in Figs. 2 and 3 for 7* =
-18°, hi = 360,000 ft, Vt = 36,000 fps, and B = 3.2 psL
It may be seen that our approximate solutions are very close
to the exact numerical integration solution. Of course, for
the maximum lift subarc, one has to assume that the vehicle
will not pull up higher than a certain altitude.

The task of determining the sequence of the subarcs to be
employed in the solution of a general problem is very diffi-
cult and must be left for future investigations. However,
in the following section, three specific examples are chosen
to illustrate the questions arising in connecting the singular
and nonsingular subarcs.

V. Maximum Final Velocity for Horizontal
Flight at a Given Terminal Altitude

The problem of reaching horizontal flight (7 = 0) at a
specific altitude while minimizing the energy loss due to
aerodynamic drag (i.e., maximizing the final velocity) is con-
sidered under our assumptions for a re-entry glider. A
similar problem was solved numerically by Speyer (cf. Ref.
12) and was used as an example by Bryson and Ho.12

In order to simplify the subsequent discussions, the nu-
merical results of our analytic solutions are first plotted in
Fig. 4 for a simple case for 7,- = -7.5°, hi = 400,000 ft,
Vt = 36,000 fps, and yf = 0, hf = 250,000 ft and 275,000
ft, max \L/D\ = 0.5 and 1.

In this example, if the terminal altitude is sufficiently high,
one can easily show that the singular subarc solution cannot
be used. The sequence of subarcs is obviously a maximum
lift subarc followed by a minimum lift subarc. It is also
possible to show that the flight-path angle at the switching
point is

f cos7/)
(69)

Fig. 3 Maximum
lift subarc solu-
tions and numer-

ical solutions.

0.4 0.6 0.8 1.0 1.2
VELOCITY RATIO (V/yq~R)
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The other quantities such as h8, ss, and Vs can be obtained
from Eqs. (51, 54, and 56).

If we want to clarify the questions concerning the number
of subarcs, their combination and the location of the switch-
ing points, in general, the problem involves more than two
subarcs including the singular subarc. As discussed in Ref.
7, it is possible to switch from the maximum lift subarc to
the minimum lift subarc or vice versa only at points where
XT = 0. In the present example, the final range is not
specified. Thus,

Xs = 0

Equation (68) then becomes

(3 CT + COST;

(70)

(71)

If we denote the first switching point by i = 1, the expres-
sion for XT on the second nonsingular subarc becomes

(72)XT = — Afo(sin7 — sin7i)//3(C7 + cos7i)

The earliest possible moment to switch again is at

72 = dzTT - 71 (73)

Geometrically, 71 and 72 are symmetric with respect to the
local vertical. The plus sign is taken on a maximum lift
subarc and the minus sign for a minimum lift subarc. Fur-
thermore, if Eq. (70) holds, Eqs. (17, 21, and 23) show that
the only possible physical situation for which the Lagrange
multipliers on singular subarcs have nontrivial solutions is

7 = ±(ir/2) (74)

Using the terminology of Ref. 12, the "possible locus of
singular subarcs" is 7 = ±(?r/2). Thus, the only singular
subarc which can be used for the case Xs = 0 is the vertical
descent trajectory'.

Another important conclusion resulting from Eq. (52)
is that for a sequence of nonsingular subarcs with successive
switching points at angles 71, 72, . . . ynj the velocity de-
creases exponentially with the total sum of the absolute
values of the change in flight-path angle on each subarc;
i.e.,

vf I KD r, , ,
—— - exp - —- TI ~ Til + IT2 - Ti +
Vi { &LM L

IT/ - yn (75)

Thus, if it is desired to reach a certain position by use of one
or more nonsingular subarcs, the subarcs should be arranged
in such a way that the vehicle turns as little as possible on
each subarc. This discussion will help to establish the sub-
sequent mathematical proofs which are necessary for the
present problem.

The sequence of subarcs can be determined from geometri-
cal considerations (cf. Fig. 4). If hfm is the lowest altitude
that can be reached by an initial maximum lift subarc and if
the singular subarcs are disregarded, it is evident by geo-

Table 1

Path

Sequence of
subarcs

Switching
points

I

Min lift
1

Max lift
711 < - 7T/2

II

Min lift
i

Singular
i

Max lift
721 - -7T/2

III

Min lift
I

Many nonsingular sub-
arcs

i
Max lift

731j 732, • • • 73n
all close to — ?r/2

Fig. 4 Maximum
velocity for terminal

horizontal flight.

V E L O C I T Y ( F T x 10~3/SEC)

metrical considerations that the sequence of subarcs is a
maximum lift subarc followed by a minimum lift subarc if
hf > hfm and vice versa if hf < hfm.

However, if the final altitude hf is sufficiently low so that
it cannot be reached by two consecutive nonsingular subarcs
or if the flight-path angle assumes a value equal to — ir/2 at
certain points on the trajectory, the problem becomes more
complicated because the use of the singular subarcs must be
considered.

In order to clarify these questions, we first study the fol-
lowing alternatives. In Fig. 5, the vehicle can reach the
final horizontal flight position by any of the paths or se-
quences of subarcs shown in Table 1. The problem is to
determine which of the three paths is the optimal one.

Following path I (pi to pn to p i f ) , the flight-path angle at
the switching point pn is easily obtained;

cos7/)

Similarly, the terminal velocity is found to be

Vif KD

(76)

In Vi KLM

KD

KLM

tyii - yi - T/)

— yi — T/ ~ -ft + COST*

. cos*Tii , 3 cos5Tii
~r ^ I rt o ~r ^ * r ~ ~T~2-3 2 - 4 - 5 ...]}

(77)

where the cos~17n-series for — TT < 711 < 0 is used. Since we
assume — TT < 711 < — ir/2, Eq. (77) gives

In- (7*

Fig. 5 Sketch of
three possible se-
quences of sub-
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u

HIGH
TERMINAL
ALTITUDE

^ 0?

Y
+2

LOW
TERMINAL
ALTITUDE

4
_

\ **(

/

/

n^
III

xl""''

1

A - -

^•-....

Fig. 6 Boundary
conditions and op-
timal combinations
of subarcs for exam-
ple 1. Area I: max-
imum lift arc fol-
lowed by minimum
lift arc. Area II:
minimum lift arc
followed by maxi-
mum lift arc. Area
III: minimum lift
arc followed by
singular arc fol-
lowed by maximum

lift arc.

where

F = — ji — 7/ — + COST/ +
(79)

If path III is followed, the number of nonsingular subarcs
needed to reach the terminal horizontal flight position de-
pends on the value of the difference 731 — (— Tr/2). In this
case, 731 has to be less than —ir/2. Otherwise, one has to
fly almost a complete circle before one can switch again be-
cause of Eq. (73) which also determines the flight-path angles
at all subsequent switching points as follows:

732 = — 7T — 731

733 = —7T — 732 = 731

734 = — 7T — 733 = 732

73(2n—1) — 731

Equations (80) and (54) give

cos73i = [l/2(2n — I)]{cos7; + cos7/

(80)

(81)

Similarly, the final velocity is obtained as

In- KL
KLI

F + 2(2n - 1) X

2-3
3cos573i
2 - 4 - 5 + (82)

where the arcos-series for — TT < 731 < 0 is used. Observing
Eq. (81) and the condition 731 < — ir/2, we can see that Eq.
(82) gives a higher terminal velocity than Eq. (78). Fur-
thermore, Eqs. (80) and (81) show that F3/ increases as n
increases and that 731 approaches — ir/2 as n approaches
infinity.

If path II is followed, the first switching point ^21 for this
case must be located at 721 = —ir/2. We can show that the
terminal velocity in this case is

Hence, we find from Eqs. (78, 81, and 82) that the optimal
path is a minimum lift subarc until 7 = —ir/2, followed by
a vertical singular subarc and finally a maximum lift subarc
reaching the terminal horizontal flight position. It is easy
to generalize the aforementioned results to the case where the
final altitude is sufficiently low so that it can only be reached
by more than two nonsingular subarcs or by involving a
singular subarc. The optimal path for this case has the same
sequence of subarcs. In the foregoing discussion, we have
assumed that 711 < —7r/2. However, consider the case where
the final altitude can be reached by two nonsingular subarcs

with the flight-path angle at the switching point
7ii > -7T/2 (84)

In this case, the possibility of using path II and path III is
obviously ruled out. Then the optimal sequence is a mini-
mum lift subarc followed by a maximum lift subarc.

In summary, we conclude that the optimal sequence of
subarcs depends essentially on the values of the state vari-
ables at initial and terminal conditions (i.e., 7,-, hi, y f , and /&/).
Since yf = 0 and hi and hf appear always in the combination
[exp(— fthf) — exp (—#/&»•)] which is proportional to the
difference (p/ — pi) in density at the beginning and at the
end of the trajectory, the results can be illustrated in a plot
representing the (p/ — pt-), 7; plane (cf. Fig. 6). Each
point on this plane corresponds to a specific set of boundary
conditions. The curve "A" represents Eq. (76) with 7n =
7S = — 7T/2 whereas curve "B" represents the condition
KLM* = KLM, 7 = 7/ = 0, and h = hf in Eq. (54) and is
equivalent to hf = h/m. The optimal sequence of subarcs
can then be immediately visualized from Fig. 6 by entering
the point associated with the boundary conditions.

VI. Maximum Terminal Velocity Flight
between Two Given Space Points during Re-Entry

As another example, we consider the problem of maximiz-
ing the terminal velocity of flight between two given space
points during re-entry. In this case, the number of subarcs
needed depends on the position of the terminal point relative
to the initial point. We will not try to study this problem
in general, but discuss only the case where the terminal point
can be reached by two subarcs.

We choose the following boundary conditions: Vi =
36,000 fps, 7; = -30°, hi = 360,000 ft, hf = 115,000 ft,
8f = 274,000 ft, and max(L/D) = 3.0. It is desired to
maximize the terminal velocity V/ for any terminal flight-
path angle 7/.

The results are illustrated in Fig. 7. Obviously, the
trajectory starts with a minimum lift subarc because the
singular subarc at higher altitude is ruled out as discussed
in Sec. III. Switching from the nonsingular subarc to the
singular subarc is possible anywhere below the critical point.
The actual switching point was found in the following
manner.

Letting Si, hi, and Vi be the values of the corresponding
variables at the switching point, Eqs. (34a) and (35a) give
the following relations on the singular subarc :

- ft(8l ~ 8 f ) ] \— —— ————

and

ds

j — —— j
|cos7/|

= tan[7/ — ft(8i —

(85)

(86)

X

SW

f .

s*

CRITICAL

TCHING PO

TERMI

\
'OINT — x^

^

JAL POINT-

\\\-J

Fig. 8 Maximum vel-
ocity to a space point.

0 180 220 260 300

RANGE (FT x 10'3)
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This solution represents a family of singular subarcs de-
pending on the parameter 7/.

Similar conditions can be derived for the nonsingular arc
by using Eqs. (54b, 53, 55, and 56);

hi = - — In—— (Cy + cos7i)
P &-LM

and

- «,) = 71 - 7; -

dh

+ cosy

(87)

(88)

(89)

At the switching point, both the coordinates (hi,Si) and the
slope (dh/ds)hl,sl calculated from the singular subarc solu-
tion must agree with the corresponding quantities calculated
from the nonsingular subarc solution. Comparison of
Eq. (85) with (87), Eq. (86) with (89) and elimination of s
by Eq. (88) yields

cos7/ = —

and

7/ = 271

cos7i)

dy
+

(90)

(91)

In the foregoing, we have succeeded in reducing the system
into two algebraic equations involving two unknowns (i.e.,
7/ and 71) only. The quantity 7/ can be plotted against
71 and the two curves intersect at the desired values of y/
and 71; hi and Si can easily be calculated from Eqs. (87) and
(88). This scheme was tested numerically for the example
given.

This example shows the need of the singular subarc solution
since the terminal point cannot be reached by the nonsingular
subarc. The lift in the latter exceeds the lift on the singular
subarc and causes the vehicle to gain altitude again as shown
in Fig. 7. However, it seems that the lift on the singular
subarc is controlled in such a way as to enable the vehicle to
reach a lower altitude with an almost vertical dive maneuver.
A family of singular subarc solutions is shown in Fig. 1.

VII. Maximum Final Velocity Flight to a
Terminal Target

The problem considered here is to reach a terminal target
point (a/, hf) by choosing the initial range s» so as to maximize
the terminal velocity V f . The problem is mathemat-
ically equivalent to prescribing all initial conditions
(Vi, 7i, s^ hi) and reaching a given altitude hf with
maximum terminal velocity V/ for any sf and y f . Since
sf is not given, Eq. (70) holds and the discussions given at
the beginning of Sec. V also apply here.

Although this problem can be discussed in full generality,
we restrict the analysis to the case hf < hi and — ir/2 < 7* <
0, which covers most cases of practical interest.

It is first necessary to decide which subarc should be used
if the final altitude hf can be reached by either a maximum
lift subarc or a minimum lift subarc. This question can be
answered by use of the results given in Eq. (51). One can
show from the well-known mean value theorem that

(92)

or

Fig. 8 Maximum vel-
ocity to a terminal tar-

get.
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where
7; < 7m < 7/ for maximum lift subarcl
7/ < ym < y% for minimum lift subarc j

Equation (54a) also gives
cos7/ -

(94)

(95)

The plus sign applies for the maximum lift subarc and the
minus sign for the minimum lift subarc. Thus cos7/ —
cos7i| is the same for both subarcs. Since the optimal sub-
arc corresponds to the smaller value of yf — yi\, Eq. (93)
shows that this is equivalent to finding the subarc which is
associated with the larger value of sin7m|. The physical
situation also indicates that for the maximum lift subarc,
the final flight-path angle is less than zero because hf < hi.
Thus the minimum lift subarc is obviously the optimal one.

However, if the final altitude is low enough to be unreach-
able by a nonsingular subarc without 7 = — ir/2 at some
point along the trajectory, the question of using the singular
subarc arises. In this case, Xs = 0 and the only possible
locus of the singular subarc is 7 = ±(?r/2) along the whole
subarc. It is possible to go through the same mathematical
argument as given in Sec. -V to show that the optimal path
is a minimum lift subarc followed by a vertical singular
subarc with 7 = —ir/2.

In summary, one should try to reach the final position by
starting with a minimum lift subarc and, if the final altitude
cannot be reached before 7 = — Tr/2, one should switch to
the singular subarc at 7 = 7S = — ir/2 and descend ver-
tically until the final altitude h/ is reached. A numerical
example is given in Fig. 8 for Vi = 36,000 fps, 7* = -30°,
hi = 360,000 ft, max (L/D) = 1.0 and B = 3.2 psf. Both
trajectories, consisting of the minimum lift subarc only and
the minimum lift subarc followed by a singular subarc, end
at the same terminal velocity Vf = 3000 fps. It can be
seen that the trajectory with the singular subarc reaches a
lower altitude which agrees with our theoretical discussions.

VIII. Conclusion and Discussion
In the foregoing analysis, the gravity term in the velocity

equation was neglected in comparison with the drag force.
The effect of such a term on the calculated lifting force for
the singular subarc can be estimated. If the gravity term
is not neglected,

7 = - cos7(l + 2<7//372) (96)

7/ — 7; = — (cos7/ — (93)

The ratio of the neglected term to the calculated lift on the
singular subarc is about 0.03 if we restrict ourself to the ve-
locity range above 2000 fps. Thus, in the range of hyper-
sonic flight, the neglected term is of higher order.
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Another distinct feature of the lift on the singular subarc
is the dominating effect of the term (i.e., —mV^ft cosy) pro-
duced by the variation of the atmospheric density on the
lifting force which is totally absent in the constant density
case discussed by Pottsepp and Shi.7 It was shown earlier
that boundedness of the control variable precludes applica-
tion of singular subarcs above a certain altitude.

It can be shown that the singular subarc appearing in the
present problem belongs to a class of singular subarcs in-
vestigated by Kelly, Kopp,13 and Bryson.12 By making use
of special variations, Kelly and Kopp13 developed an addi-
tional convexity condition which is to be satisfied by the
singular subarc. For the present problem, the additional
condition reduces to

5 d* (*H\ 1 / aL \« , , . v
T- -J7T { -^— ) = —^ I ^T— 1 (A* COS7 + Ay SU17)da at2 \oa/ mW \ da /

(X,F)D/c)L\
= — 1

/c)L
^—\ da

(97)
„

>0

which is nontrivially satisfied on the singular arc because
\VV = V(T) > 0. Furthermore, the necessary conditions
at the corners where the singular subarcs join the nonsingular
subarc discussed in Ref. 13 are also satisfied.

The assumption of constant drag coefficient made by various
previous investigators (cf. Refs. 1-4) is a reasonable approxi-
mation for a blunt hypersonic vehicle7 and is an excellent ap-
proximation for a class of variable geometry vehicles con-
sidered by Chapman.2 The lifting body (model B) dis-
cussed by Boylan and Potter14 would fall into this category
ifpne restricts —10° < a < —10°. Furthermore, the Gemini
type body (model D) of the same reference would also fall
into this category if the modified Newtonian results are used.
Finally, the present problem, parallel to Ref. 7, presents a
nontrivial, instructive example where the singular subarc
is needed.
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